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What is SVD?

@ This module 1.1 contains results relating to the spectral
decomposition of square, real symmetric matrices

@ This module 1.2 contains analogous results for rectangular
matrices, H € R™*" called SVD of H

@ SVD rests on the spectral decomposition of symmetric
matrices HT H and HHT are called the Gramian of H
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Gramians of H

e Given H € R™*"  define two related square, symmetric
matrices: HTH € R™" and HHT € R™*™ called the
Gramians of H

@ Assume that H is of full rank, that is,
RANK(H) = min(n, m) (1)
@ From
RANK(H"H) = RANK(H) = RANK(HHT™) (2)
it follows that
RANK(HTH) = RANK(HHT) = min(n, m) (3)

@ Hence, when m > n, HTH € R"™" is non singular and in
fact, is SPD. But HH is singular and non-negative definite
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Spectral decomposition of H'H € R™*" when m > n

@ Since the smaller Gramian HT H is an SPD matrix, there
exists eigenpairs (\;, v;) 1 < i < n such that

(HTH)V = VA (4)

where V = [v1, va,...,vy] € R™" and
A = Diag(A1,A2,...,A) €ER™"and VTV = WT =1,

@ Also, assume that
AM>X>..>A,>0 (5)
@ Hence,

VI(HTH)V =A and H'H=VAVT (6)
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Eigenpair of HHT € R™™ m > n

@ Define 1
Ui:ﬁHVieRm,lgign (7)
@ Then
(H H)u,- = 5\ H(H H)V,' = 3 HV,' = )\,’U,’ (8)

e That is, if (\;,v;) is an eigenpair of (HT H), then (\;, u;) is
an eigenpair of HHT with u; given by (7)

S.Lakshmivarahan Module 1.2 5/19



Spectral decomposition of HHT € R™™ m > n

o Let U=[u1,up,...,up] € R™". Then (7) is equivalent to
(HHTYU = UN (9)

@ The n non-zero eigenvalues of (HH) are the same as the n
eigenvalues of HT H. The rest of the (m-n) eigenvalues of
HHT are zero

@ The eigenvectors u; corresponding to the n non-zero
eigenvalues of (HHT) are related to those of (HT H) through
the linear transformation in (7)
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SVD of H

@ Relation (7) becomes
Hv,-:u,- )\,’, 1§i§n (10)

@ Define
U=lui,u,us,...,us] €R™"

1 11 1
A2 = Diag(A2,\3,...,A3) € R™"
@ The n relations in (10) can be written succinctly as
HV =Ux2 or H=UXVT (11)

called the SVD of H
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Has a sum of rank-1 matrices

e Equation(11) on expanding:

_— :
A7 (3 0 Vl;
0 A\ 0 Vo
H = |:U]_,U2,U3,.-.,Un:| 2 : (12)
T
[0 0 Ag |t
1
=20\ ”iViT

@ ); 's are the eigenvalues of (H" H) and are known as the
singular values of H

@ Hence the name SVD
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A dual pair for SVD

o Multiplying both sides of (7) on the left by H” and using (7):

1
VA

HTu,- =

Vi

@ That is,

are the two defining relations for SVD of H
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(HTH)v; = —\iv; = VAivi

(13)
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A Generalization

o Let \ # 0,1 # 0 be such that ()\,n) is an eigenpair of HT H.
That is
(HTH)p = An (14)

e From
A(Hn) = H(HT H)n = (HHT)(Hn) (15)
it follows that (A, Hn) is an eigenpair of HHT
o If Hn =0, then (H"H)n = A = 0 which implies either
A = 0 or n = 0 or both zero, which is a contradiction.
° HeTnce (), Hn) is an eigenpair of (HHT) if (A, n) is that of
H"H
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Algebraic and geometric multiplicities of eigenvalues of
HTH

o Let \ be an eigenvalue of (HT H) of algebraic multiplicity,

say, m.
@ Then, recall that there exists a (non- unique) set of m
orthonormal eigenvectors {n1,72,73,...,nm} such that

(HTHYpi = An; for 1<i<m (16)
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Algebraic and geometric multiplicities of eigenvalues of
HHT

@ Let 71 and 7, be two orthogonal eigenvectors of H™ H for the
eigenvalue X\ of algebraic multiplicity m = 2

@ Then, Hny and Hny as eigenvectors of (HHT) are orthogonal

o For
(Hm) " (Hm) =n{ (HTHyp =M =0 (17)
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One to one correspondence

@ In view of (15) and (17), the following claim holds:

@ Claim: Let H be an m x n matrix of full rank.
Then
(1) The Gramians H™ H and HHT share the same set of
non-zero eigenvalues, and
(2) A is an eigenvalue of multiplicity m of (HT H) with an
orthogonal set of eigenvectors {n1,72,73,...,Mm}, then X is
also an eigenvalue of multiplicity m of (HHT) with an
orthogonal set of eigenvectors {Hn1, Hna, ..., Hom}
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Spectral decomposition of HHT € R™™ n > m

@ For completeness, we consider the case when n > m

o Since (HHT) is SPD, there exist (\;, u;), 1< i< n that are
eigenpairs of HHT

@ That is, ;
HH" u;) = \ju;, uj € R"
(HHTw) = X, "
or (HH")U = U
where U = [ug, up, u3, ..., up], UTU = UUT = I,
A= Diag(/\l,)\z, ce ;)\n)
where
M)A > > A, (19)
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Eigenpair of HTH € R™" n >m

@ Define 1
Vi = \//\»I.HTU,' € R"
@ Then
(HTH)v; = ——HT (HHT Yu; AT = Ay
1 \/x 1 \/)\»I 1 Vi

o Thatis, (\;,V;) is an eigenpair of HT H
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Eigen decomposition of HT H

@ Define
V = [Vl, Vo, V3, ..., Vn] € R™"

@ Then (21) becomes
(HTH)V = VA, w' =1, (22)

@ Also the m non-zero eigenvalues of HH are those of HHT
and the rest of (n-m) eigenvalues of H" H are zero.
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Dual of (20)

e Multiplying both sides of (20) on the left by H and using

(18):
Hy; = \/IX(HHT)u,- = /i
1
or uj= WHV,‘ (23)

which is the dual of (20)
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A note on our notation

@ In this and in all Modules to follow, we use the following
convention: H ¢ RM*"

e Case 1: m>nand H"H is SPD
(HTH)V =VA, VIiv=wT =,

24
(HHTYU=UAN, U'U=1, UecR™" (24)
e Case 2: n> mand HHT is SPD
(HHHYU=UA, UTU=UUT =1,
(25)

(HTH)V = VA, VTV =1, VeR™m
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A dual characterization of SVD

@ Casel: m>n
u; = ——=Hy,
1 \/)\—I 1
1
vi=—=H"v
@ Case2: n>m
R Tt o
1 \/)\—I 1
1
Hyv;

U= ——

\/)\_i

1
H
v
H

S.Lakshmivarahan Module 1.2

(26)

(27)

19/19



