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Eigenvalue and eigenvector pair of a matrix

o Let A€ R"™" be a real matrix of order n

o If there exist a scalar, \(real/complex) and a vector,
v(real/complex) such that

Av = v (1)

then X is the eigenvalue and v is the corresponding
eigenvector of A

@ The pair (A, v) satisfying (1) is called an eigenpair of A

@ The set of all eigenvalues of A is called the spectrum of A
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Invariant subspace of A

o Let S = {v1, va,....., vk} be a set of linearly independent
vectors in R"

@ SPAN(Sk) denotes the set of all linear combinations of the
vectors in Sy

@ SPAN(S) is a K-dimensional subspace of R"

o If AX € SPAN(Sx) for any X € SPAN(Sk), then Sy is said to
be A-invariant

e From (1), since Av € SPAN(v), every eigenvector defines an
invariant subspace of dimension 1.
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Eigenvalues of A

@ Rewrite(1) as a linear homogeneous system:
(A= X)v=0 (2)

e Equation (2) has a non-null solution, exactly when (A — \/) is

singular, that is
p(A) =[A=Al[=0 (3)

@ The n eigenvalues of A are given by the n roots of the
characteristic polynomial, p(A) of A
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Distribution of eigenvalues of A

@ Since A is real, the coefficients of p(\) are also real

o An n'" degree polynomial of degree n has n roots

@ The roots are real or complex and the complex roots occur in
conjugate pairs

@ A typical distribution of eigenvalues

Spectrum of A
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Eigenpairs of a real symmetric matrix

o Let Ac R™"and AT = A, that is, A is symmetric
@ SM1: The eigenvalues of a real symmetric matrix are real

@ SM2: Eigenvectors corresponding to distinct eigenvalues are
orthogonal

@ SM3: If X as a root of p(\) =0 in (3) is of (algebraic)
multiplicity 1 < k < n, then there exists a set of k mutually
orthogonal vectors vi, va, v3, ..., v such that (A, v;) is an
eigenpair of A for 1 < < k, that is, k is also the geometric
multiplicity which is the dimension of the invariant subspace
spanned by {vi, va,.....vk} where Av; = Av; for 1 < < k
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Matrix of eigenvalues and eigenvectors

@ Let (\;, v;) such that
Av; = \jv;

Define

V = [Vl, Vo, .y Vn] e RN
A = Diag[M1, Ao, .o An] € R

@ Then (4) becomes:
AV = VA

The eigenvectors are mutually orthogonal (see appendix)

vivi#£0 for i=]j

=0 otherwise
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Orthonormality of eigenvectors

@ Since Av = \v. = A(av) = A av) for any «, non-zero
constant, we need to only consider unit vector for
eigenvectors.

e Consequently, assume that the vectors v; in (4) are
orthonormal:

-
Vi

vi=1 ifi=j

=0 otherwise
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v-orthogonal matrix

@ Hence, V is an orthogonal matrix, that is, using (6):

T T
Viv=1|% [vl,vz,V3,...,v,,]

\'
1

Vl V]_ VlT V2 e VlT Vn
V2 Vl V2T V2 e V2T Vn
— V3 Vi V3T Vo ... V3T Vn

N

T T T
_Vn ViV, Vo ...V, Vpy

=l,=wT (7)
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Spectral or eigen decomposition of a symmetric matrix

e Multiplying both sides of (5) by VT and using (7), we obtain
A=AWT = vAVT (8)

@ This multiplicative decomposition in (8) is called the eigen
decomposition of A
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Eigen decomposition continued

e Expanding V and Ain (8): A =

|:V17V2,V37"'avn] : : : :
0 0 ... A |v]
= aviviT (9)
i=1

o Since V;V.T is a rank-1 (outer product) matrix, (9) expresses
A as a sum of n linearly independent rank-1 matrices
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A digression

o Consider:

X

A

/
e

- g
o Let h= ﬁ be the unit vector along h
@ Orthogonal projection, X of x along h is given by
x=(xThyh=(h"x)h=h(h"x) = (hhT)x  (10)
@ The rank-1 matrix
Py, = (hhT) (11)
is called an orthogonal projection matrix and (10) becomes:
X = Ppx
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Eigen decomposition of A

o Consequently, the rank-1 matrix v;v;” in (9) is an orthogonal
projection matrix along v;

@ That is, (9) expresses A as a linear combination of orthogonal
projection matrices
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A-symmetric and positive definite (SPD)

@ In this case, the eigenvalues of A are all real and positive

@ That is, we can express
1 1
A= NA2A2 (12)
where
o A= VAVT = VAN VT

— (VAZ)(VAR)T = 70T (13)

is the another form of the eigen decomposition for A
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Why SPD matrices?

@ In multivariate statistical analysis, SPD matrices arise
naturally as covariance matrices
@ In fact, the many well known methods in multivariate
statistical analysis such as
o Principal Component Analysis (PCA)
o Singular Value Decomposition (SVD)
e Cononical Correlation (CC)
are based on the spectral or eigen decomposition of SPD
matrices
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APPENDIX

@ The goal of this appendix is to provide a proof of various
properties of real symmetric matrices used in the development
of this module

@ The final result is to prove that every real symmetric matrix is
diagonalizable using orthogonal transformation
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Existence of eigenvalues and eigenvectors

@ Let A be a real symmetric matrix of order n > 2

@ The characteristic polynomial equation
p(N) = |A— | =0 (14)

of degree n must have at least one solution, say, «

@ Then, there is atleast one real eigenvector that lies in the null
space of (A — Al) or the kernel of (A — A/)
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A factorization of p(\)

@ In general, the monic polynomial can be expressed as

k

P = [T =)™ (1)

i=1
where n; is the algebraic multiplicity of A; and
(m+nm+...4+n)=n

@ The number of distinct eigenvectors m; corresponding to a
given eigenvalue ); is called the geometric multiplicity

@ In general, 1 < m; < n;, when A is symmetric, m; = n; for
1<i<k
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Claim 1: Eigenvalues of a real symmetric matrix are real

@ Let (A, v) be an eigenpair of A. That is

Av = vA (16)
@ Taking complex conjugates of both sides:

AV = U\ (17)

e Multiplying both sides of (16) by 77 on the left and that of
(17) by v on the left and subtracting

@ Since vT¥>0, = ) = X and hence the claim
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Claim 2: Eigenvectors corresponding to different
eigenvalues of a real symmetric matrix are orthogonal

e Let (A, v) and (u, u) be two eigenpairs of a symmetric matrix
A and let A # p

Then Av=2MAv and Au=pu (19)

e Multiplying both sides of the first equation on the left by u”
and that of the second by v’ and subtracting:

O=uTAv—vTAu=X u"v—pvTu=\—pu"v (20)

@ Since A\ # y, it is immediate that u”v = 0 and the claim
follows
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A notation

@ Let D C R" denote an A-invariant subspace of A. That is,
Av € D whenve D

@ Let D+ denote the subspace of R" that is orthogonal to D.
That is u” v=0 whenever u € D and v € D+
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Claim 3: If D C R" is A-invariant, then so is D+

o Forany u,veR"
viAu = (Av)Tu (21)

o Ifue D, then Aue D. If v e DL, then vT Au=0

e From (Av)Tu — 0, it follows that Av € D1, and the claim is
true.
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Claim 4: Every (non-null) A-invariant subspace D of A
contains a real eigenvector of A

@ Let k be the dimension of D. Then there exists a n X k matrix
B whose columns constitute an orthogonal basis for D.

@ Since D is A-invariant, it is immediate that
AB = BE (22)

for some E € Rkxk

@ Then,
BTAB=B"BE =E (23)

where E is a real symmetric matrix
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Proof of claim 4 (Continues)

@ Since E is real and symmetric, there exists atleast one
eigenpair (A, x) for E: Ex = Ax where x € Rk

Then (AB)x = A(Bx) = (BE)x = B(Ex) = A(Bx)

Since x # 0 and the columns of B are orthogonal and hence
linearly independent, it follows that Bx # 0

Hence, Bx is an eigenvector A contained in D
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Claim 5: The set of all n eigenvectors of a real symmetric
matrix A € R"*" form an orthogonal basis for R"

@ Recall that every real symmetric matrix A is endowed with at
least one eigen pair

@ Hence, for some m > 1, let {v1, v2,..., vy} be the
(orthonormal) eigenvector basis for a subspace D of R"

o Clearly, D and Dt are A-invariant.Hence, there is a vector
Vms1 € Dt such that {vi,va,..., vmy1} are the eigenvectors
of A.

@ Starting with m=1 and using this inductive argument, we

obtain an orthonormal basis for R” which are eigenvectors of
A
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Claim 6: Every real symmetric matrix A is diagonalizable

e Given A, let v=[v1, va, ..., v,] € R™*" be the matrix of
eigenvectors of A, that is Av; = v;\; and
A = Diag(M1, A2, ...,Ap) € R™"

@ Then AV =VAand VTV =WwWT =

@ Hence, VTAV = A
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